Abstract. In this work we investigate complex Leibniz superalgebras with characteristic sequence .n 1 ; : : : ; n k jm/ and nilindex n C m, where n D n 1 C C n k , n and m (m ¤ 0) are dimensions of even and odd parts, respectively. Such superalgebras with the condition n 1 n 1 were completely classified. In the present paper, we prove that in the case n 1 Ä n 2 the Leibniz superalgebras have nilindex less than n C m. Thus, we obtain the classification of Leibniz superalgebras with characteristic sequence .n 1 ; : : : ; n k jm/ and nilindex n C m.
Introduction
The paper is devoted to the study of the nilpotent Leibniz superalgebras. The concept of Leibniz superalgebra and its cohomology were first introduced by Dzhumadil'daev in [6] . Leibniz superalgebras are generalizations of Leibniz algebras [11] and that means that they are the natural generalization of the well-known Lie superalgebras. Several authors study Leibniz superalgebras and its properties [1, 6, 9, 10] .
In [8] Lie superalgebras with maximal nilindex were classified. The main properties of such superalgebras are that they are two-generated and their nilindex is equal to n C m (where n and m are the dimensions of the even and odd parts, respectively). In fact, there exists a unique Lie superalgebra of maximal nilindex. The dimensions of the even part of this superalgebra is n D 2 and its characteristic sequence is equal to .1; 1jm/. This superalgebra is a filiform Lie superalgebra (its characteristic sequence is equal to .n 1; 1jm/), see paper [4] , where some crucial properties of filiform Lie superalgebras are given.
In the case of Leibniz superalgebras the property of maximal nilindex is equivalent to the property of single-generated superalgebras and they are described in [1] . However, the description of Leibniz superalgebras of nilindex n C m is an open problem and many technical tasks need to be solved. Therefore, they can be studied by applying restrictions on their characteristic sequences. In the present paper we consider Leibniz superalgebras with characteristic sequence .n 1 ; : : : ; n k jm/ and nilindex n C m. In the case n 1 n 1, such superalgebras have already been classified in [2] - [5] . We need to study the case n 1 Ä n 2 now.
In fact, in the previous cases (the cases when n 1 n 1, see [3] ) we have used some information on the structure of the even part of Leibniz superalgebra and they played a crucial role in that classifications. In the case when n 1 Ä n 2 the structure of the even part is unknown, but if we use the properties of natural gradation and the naturally graded basis (so-called adapted basis) of the even part of the superalgebra, then we obtain the results.
All the vector spaces that appear in this paper (and thus, all the algebras) are assumed to be C-vector spaces of finite dimension. The correspondent coefficients with respect to the base of the law of superalgebra products are denoted by . /.
Preliminaries
Recall the notion of Leibniz superalgebras.
is called a Leibniz superalgebra if it is equipped with a product OE ; which satisfies the following conditions:
(1) OEL˛; Lˇ Â L˛Cˇ, (2) OEx; OEy; z D OEOEx; y; z . 1/˛ˇOEOEx; z; y (Leibniz superidentity) for all x 2 L, y 2 L˛, z 2 Lˇand˛;ˇ2 Z 2 .
Evidently, the even part of the Leibniz superalgebra is a Leibniz algebra. The vector spaces L 0 and L 1 are said to be the even and odd parts of the superalgebra L, respectively.
Note that if in a Leibniz superalgebra L the identity OEx; y D . 1/˛ˇOEy; x holds for any x 2 L˛and y 2 Lˇ, then the Leibniz superidentity can be transformed into the Jacobi superidentity. Thus, Leibniz superalgebras are a generalization of Lie superalgebras and Leibniz algebras.
We denote by Leib n;m the set of all Leibniz superalgebras with the dimensions of the even and odd parts, respectively equal to n and m.
For a given Leibniz superalgebra L we define the descending central sequence
The smallest number s with this property is called the nilindex of the superalgebra L.
The following theorem describes nilpotent Leibniz superalgebras with maximal nilindex.
Theorem 2.3 ([1]
). Let L be a Leibniz superalgebra of Leib n;m with nilindex equal to n C m C 1. Then L is isomorphic to one of the following non-isomorphic superalgebras:
(where the products equal to zero are omitted).
Remark 2.4. According to Theorem 2.3 we have that there are two possibilities for n and m, in the case of the non-trivial odd part L 1 . The first possibility is m D n if n C m is even, and the second one is m D n C 1 if n C m is odd. Moreover, it is clear that the Leibniz superalgebra has the maximal nilindex if and only if it is single-generated.
Let L D L 0˚L1 be a nilpotent Leibniz superalgebra. For an arbitrary element x 2 L 0 , we define the operator of right multiplication R x by R x .y/ D OEy; x. This operator is a nilpotent endomorphism of the space L i , where i 2 ¹0; 1º. Taking into account the property of complex field we can consider the Jordan form for R x . Denote by C i .x/ (i 2 ¹0; 1º) the descending sequence of the Jordan blocks dimensions of R x . Consider the lexicographical order on the set C i .L 0 /.
is said to be the characteristic sequence of the Leibniz superalgebra L.
As in [7, Corollary 3 .0.1] it can be proved that the characteristic sequence is invariant under isomorphism.
Since the Leibniz superalgebras from Leib n;m with characteristic sequence equal to .n 1 ; : : : ; n k jm/ and nilindex n C m have already been classified for the case n 1 n 1, henceforth we shall reduce our investigation to the case n 1 Ä n 2.
From Definition 2.5 we conclude that a Leibniz algebra L 0 has characteristic sequence .n 1 ; : : : ; n k /. Let s 2 N be a nilindex of the Leibniz algebra L 0 . Since n 1 Ä n 2, we have s Ä n 1 and the Leibniz algebra L 0 has at least two generators (the elements which belong to the set L 0 n L 2 0 ). For the completeness of the statement below we present the classifications offered in [2] , [5] and [8] .
Leib n;1 :´OE 
In order to present the classification of Leibniz superalgebras with characteristic sequence .n 1; 1jm/, n 3, and nilindex n C m, we need to introduce the following families of superalgebras:
L.˛4;˛5; : : : ;˛n; Â/: 8 < :
2 Ä i Ä n 1;
OEy 1 ; x 2 D˛4y 3 C˛5y 4 C C˛n 1 y n 2 C Ây n 1 ;
G.ˇ4;ˇ5; : : : ;ˇn; /: 8 < :
3 Ä i Ä n 1;
Leib n; n .
M.˛4;˛5; : : : ;˛n; Â; /:
2 Ä i Ä n;
OEy 1 ; x 2 D˛4y 3 C˛5y 4 C C˛n 1 y n 2 C Ây n 1 C y n ; OEy 2 ; x 2 D˛4y 4 C˛5y 4 C C˛n 1 y n 1 C Ây n ;
H.ˇ4;ˇ5; : : : ;ˇn; ı; /:
OEy 1 ; x 2 Dˇ4y 3 Cˇ5y 4 C Cˇny n 1 C ıy n ; OEy j ; x 2 Dˇ4y j C2 Cˇ5y j C3 C Cˇn C2 j y n ; 2 Ä j Ä n 2:
Let us also introduce the following operators which act on k-dimensional vectors: 
(m D 0; 1; : : : ; t 1). Below we present the complete list of the pairwise non-isomorphic Leibniz superalgebras with characteristic sequence equal to .n 1; 1jm/ and nilindex n C m (see [2] ): L V j;n 3 ˛4;˛5; : : : ;˛n ; S H W s;n 1 V j;n 2 ˇ4;ˇ5; : : : ;ˇn ;
where the omitted products are equal to zero. Further we shall consider the basis of the even part of L which corresponds with the natural gradation, that is, ¹x 1 ; : : :
) of the space L 1 such that its Jordan form consists of one Jordan block. Therefore, we can assume the existence of an adapted basis ¹x 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y n º such that
The main result
Let L be a Leibniz superalgebra with characteristic sequence .n 1 ; : : : ; n k jm/, n 1 Ä n 2, and let ¹x 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y n º be the adapted basis of L.
In this section we shall prove that the nilindex of such a superalgebra is less than n C m. According to Theorem 2.3 we have a description of single-generated Leibniz superalgebras which have nilindex n C m C 1. If the number of generators is greater than two, then evidently the superalgebra has nilindex less than n C m. Therefore, we should consider the case of two generators. Note that the case where both generators lie in the even part is not possible (since m ¤ 0). Equality (2.1) implies that the basic elements y 2 ; y 3 ; : : : ; y m cannot be generators. Therefore, the first generator belongs to L 0 and the second one lies in L 1 . Moreover, without loss of generality we can suppose that y 1 is a generator. Let us find the generator of Leibniz superalgebra L which lies in L 0 .
be a two generated Leibniz superalgebra from Leib n;m with characteristic sequence equal to .n 1 ; : : : ; n k jm/. Then x 1 and y 1 can be chosen as generators of L.
Proof. As we mentioned above, y 1 can be chosen as first generator of L. If x 1 2 L n L 2 , then the assertion of the lemma is evident. If x 1 2 L 2 , then there exists Due to Lemma 3.1 we shall suppose that ¹x 1 ; y 1 º are generators of the Leibniz superalgebra L.
Let us introduce the notations
;j y j ; 1 Ä i Ä n;
;j x j ; 1 Ä i Ä m: (3.1)
Since x 1 and y 1 are generators of the Leibniz superalgebra L, we have L D ¹x 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y m º;
D ¹x 2 ; x 3 ; : : : ; x n ; y 2 ; y 3 ; : : : ; y m º:
If we consider the next power of L, then from the multiplication (2.1) we obviously get ¹y 3 ; : : : ; y m º Â L 3 . However, we do not have information about the position of the element y 2 . Theorem 3.2. Let L D L 0˚L1 be a Leibniz superalgebra from Leib n;m with characteristic sequence equal to .n 1 ; : : : ; n k jm/ and let y 2 … L 3 be. Then L has nilindex less than n C m.
Proof. Let us assume the opposite, i.e., the nilindex of the superalgebra L is equal to n C m. Then the condition y 2 … L 3 deduces ¹x 2 ; x 3 ; : : : ; x n º Â L 3 . Therefore, L 3 D ¹x 2 ; x 3 ; : : : ; x n ; y 3 ; : : : ; y m º: Since x 3 … L sC2 and the vector space L sC1 is generated by multiplying the space L s to the elements x 1 and y 1 on the right side (because of the Leibniz superidentity), it follows that x 3 is obtained by the product OEx 2 ; x 1 , i.e. OEx 2 ; x 1 D ax 3 C P i 4 . /x i with a ¤ 0. Making the change of the basic element x 3 as x 0 3 D ax 3 C P i 4 . /x i we can conclude that OEx 2 ; x 1 D x 3 . Let us define the products OEy s j ; y j for 1 Ä j Ä s 1. Applying the Leibniz superidentity and j induction we prove
. /x i : (3.
2)
The equality (3.2) is true by notation (3.1) for j D 1. Let us suppose that equality (3.2) holds for j D t. Then we have for j D t C 1 
. /x i :
It should be noted that the coefficients of the basic elements x 2 and x 3 are equal to zero in the decomposition of OEy s ; y 1 and OEy 1 ; y s .
Let us define the products OEy sC1 j ; y j for 2 Ä j Ä s. In fact, if j D 2, then . /x i :
Inductively, applying the above arguments for j 3 and using equality (3.2) we obtain
. /x i ; 2 Ä j Ä s:
In particular, OEy 1 ; y s D . 1/ s .s 1/ˇs 1;2 x 3 C P i 4 . /x i . On the other hand (as we have mentioned above), the coefficient of the basic element x 3 is equal to zero in the decomposition of OEy 1 ; y s . Therefore,ˇs 1;2 D 0, which contradicts the conditionˇs 1;2 ¤ 0. Thus, our assumption k D 1 is not possible. Hence, k 2 and we have . /y j :
Comparing the coefficients of the basic elements we obtainˇs 1;2˛2;s D 0, which contradicts the conditionsˇs 1;2 ¤ 0 and˛2 ;s ¤ 0. Thus, we get a contradiction by assuming that the superalgebra L has nilindex equal to n C m and therefore the assertion of the theorem holds.
The investigation of the case y 2 2 L 3 depends on the structure of the Leibniz algebra L 0 . So, we present some remarks on naturally graded nilpotent Leibniz algebras.
Let A D C¹z 1 ; z 2 ; : : : ; z n º be an n-dimensional nilpotent Leibniz algebra of nilindex p (p < n). Note that the algebra A is not single-generated.
Let us consider the case when gr.A/ is a non-Lie Leibniz algebra. Then taking into account the condition p < n we conclude that there exists some t (t > 2) such that dim.gr.A/ t / 2 (otherwise the nilindex is equal to n).
Let t 0 (t 0 > 2) be the smallest number with the condition dim.gr.A/ t 0 / 2. Then
: : :
As in [12] we obtain that 
Since gr.A/ is a non-Lie Leibniz algebra, there exists an element of gr.A/ 1 such that its square is not zero. It is not difficult to see that z 3 ; : : : ; z t 0 C1 belong to the right annihilator <.gr.A//, which is defined as <.gr.A// D ¹z 2 gr.A/ j OEy; z D 0 for any y 2 gr.A/º: Moreover, one can assume OEz t 0 ; z 2 D z t 0 C2 . On the other hand,
The obtained equality z t 0 C2 Dˇt 0 1;2 z t 0 C1 derives a contradiction, which leads to the assertion of the lemma.
From Lemma 3.3 the next corollary follows. Proof. Let us assume the opposite, i.e., the nilindex of the superalgebra L is equal to nCm. According to Theorem 3.2 we need to consider the case when y 2 belongs to L 3 , which leads to x 2 … L 3 . Thus, we have . Then we have that x 3 cannot be obtained by the products OEx i ; x 1 with 2 Ä i Ä n. Therefore, it is generated by the products OEy j ; y 1 for 2 Ä j Ä m, which implies s 3 and˛2 ;2 ¤ 0.
If s D 3, thenˇ2 ;3 ¤ 0.
Consider the chain of equalities
;j OEy j ; y 1 D˛2 ;2ˇ2;3 x 3 C X i 4
On the other hand,
Comparing the coefficients with the corresponding basic elements we get a contradiction withˇ2 ;3 D 0, see (3.3 . /x i :
Hence,ˇs 1;3 D 0, which is a contradiction. Therefore, we have
deduces that x 4 cannot be obtained by the products OEx i ; x 1 with 3 Ä i Ä n. Therefore, it is generated by the products OEy j ; y 1 for s Ä j Ä m. Hence, L sC3 D ¹x 4 ; : : : ; x n ; y sC1 ; : : : ; y m º and y s 2 L sC2 n L sC3 , which implies˛3 ;s ¤ 0.
We repeat the above argumentations for the product OEOEx 3 ; y 1 ; y 1 and we get It is easy to see thatˇs Ck 3;4 ¤ 0 in the decomposition OEy sCk 3 ; y 1 D P n i D4ˇsCk 3;i x i . . /x i :
Consider the equalities
Since y sCk 4 2 L sCk 2 ; y 2 2 L 3 andˇs Ck 3;4 ¤ 0, the element x 4 should lie in L sCkC1 , but it contradicts L sCkC1 D ¹x 5 ; : : : ; x n ; y sCk 2 ; : : : ; y m º. Thus, the superalgebra L has nilindex less than n C m.
From Proposition 3.5 we conclude that the Leibniz superalgebra L D L 0˚L1 with characteristic sequence .n 1 ; : : : ; n k jm/ and nilindex n C m can appear only if dim.L 3 0 / n 3. Taking into account the condition n 1 Ä n 2 and the properties of the naturally graded subspaces gr.L 0 / 1 and gr.L 0 / 2 we get dim.
Therefore, by Corollary 3.4, the naturally graded Leibniz algebra gr.L 0 / is a Lie algebra, i.e., the following multiplication rules are true: We have the following products of the Leibniz algebras L 0 , with the basis ¹x 1 ; x 2 ; x 3 ; : : : ; x n º: 8 < :
OEx 1 ; x 1 D 1;4 x 4 C 1;5 x 5 C C 1;n x n ; OEx 2 ; x 1 D x 3 ; OEx 1 ; x 2 D x 3 C 2;4 x 4 C 2;5 x 5 C C 2;n x n ; OEx 2 ; x 2 D 3;4 x 4 C 3;5 x 5 C C 3;n x n ; which have been obtained by the extension of the products of gr.L 0 /. Proposition 3.6. Let L D L 0˚L1 be a Leibniz superalgebra from Leib n;m with characteristic sequence .n 1 ; : : : ; n k jm/ and dim.L Proof. Let us suppose the opposite, i.e., the nilindex of the superalgebra L is equal to n C m. If y 2 2 L 4 , then it should be generated from the products OEx i ; y 1 for 3 Ä i Ä n, but the elements x i (3 Ä i Ä n) are in L 2 0 . Therefore, they are generated by linear combinations of the products of the elements from L 0 . The equalities A simple analysis of the descending central sequences L 3 and L 4 derives˛2 ;2 ¤ 0.
Let s be a natural number such that x 3 2 L sC1 n L sC2 , i.e. . /x 4 :
On the other hand, . /x i :
